Abstract. A question of B. Teissier, inspired by a previous problem of R. Thom, asks whether for any germ of complex analytic hypersurface there exists a germ of complex algebraic hypersurface with the same topological type. Up to now only the case of germs with an isolated singularity is kwown. In this article we answer in the affirmative the case 1-dimensional singular set, also for embedded topological types.
Introduction
In 1970 R. Thom [6] formulated the following problem: given any germ of (real or complex) analytic morphism, is there an germ of an algebraic morphism with the same weakly stratified structure? He noticed that an eventual affirmative solution would imply that any germ of analytic set is homeomorphic to a certain germ of algebraic set.
Inspired in Thom's question, Teissier formulated the following question, (see Question C in [4] ) and even proposed an approach towards its solution: given a complex analytic hypersurface germ, is it homeomorphic to a complex algebraic hypersurface germ?.
In the case of hypersurfaces with an isolated singularity at the origin the answer to Thom's question is affirmative in a much stronger sense: if f is the equation defining the hypersurface, there is a germ of complex biholomorphism at the origin which composed with f gives a polynomial. Thus, the hypersurface germ is even analytically isomorphic to an algebraic one, and the isomorphism may be extended to the ambient.
In the case of non-isolated singularities the question is, up to the author's knowledge, still open.
Whitney gave in [7] examples of germs at the origin of analytic hypersurfaces in C 3 not analytically isomorphic to an algebraic hypersurface germ. One of them is defined by the following equation:
An easy inspection shows that the singular set of the above hypersurface is the t-axis. Thus, if the dimension of the singular set is at least 1 we can not expect to have analytic isomorphisms to algebraic germs.
Here we settle Teissier's question for hypersurface germs with 1-dimensional singular set, by a homeomorphism that even extends to the ambient. Theorem 1. For complex analytic hypersurface germ (X, x) ⊂ (C n , x) with 1-dimensional singular set there is a self-homeomorphism of (C n , x) taking (X, x) to an algebraic hypersurface germ.
Our methods differ from Teissier's proposed approach. The idea of the proof is a follows: taking a generic coordinate z 1 we view the hypersurface as a uniparametric deformation of the corresponding hyperplane section through the origin. The hyperplane section has isolated singularities and therefore may be represented by a polynomial, and moreover, has a polynomial versal deformation. The uniparametric deformation of the hyperplane section corresponds to an analytic path γ in the base of the versal deformation, and the original hypersurface is the pullback of the universal family by this path. Using Artin's approximation Theorem [1], Hironaka's resolution of singularities and the ideas of Thom's First Isotopy Lemma [5] we may replace the original hypersurface germ by another one, with the same embedded topological type, for which the associated path in the base of the versal deformation is given by algebraic power series. This allows to see the hypersurface germ as the local projection of an algebraic variety with perhaps higher embedding codimension. A generic projection argument allows to conclude.
Probably the use of Hironaka's resolution of singularities could be avoided at the expense of a longer and less clear exposition.
The proof
Let (X, O) be a germ at the origin of analytic hypersurface in C n . Let f be its defining equation. Choose coordinates (z 1 , ..., z n ) of C n such that the slice V (z 1 , f ) has an isolated singularity at the origin. The first step of the proof is to view f as a family of functions in z 2 , ..., z n parametrised by a parameter z 1 , and to modify the family fibrewise to make f polynomial in the variables z 2 , ..., z n .
Denote by
. Since g has an isolated singularity at the origin, by finite determinacy, there exists a germ
Redefining f as the composition f •φ we may assume that g is a polynomial in z 2 , ..., z n with an isolated singularity at the origin.
2.2. Let µ be the Milnor number of g at the origin. Consider polynomials h 1 , ..., h µ whose classes form a basis for the Milnor algebra
The unfolding
is a versal unfolding for g.
2.
3. Viewing f as a 1-parameter unfolding of g parametrised by z 1 and using the fact that the unfolding (1) is versal we find an analytic mapping
and a germ of biholomorphism
.., z n )) such that we have the equality:
where (γ 1 , ..., γ µ ) is the coordinate expansion of γ.
Notice that the second term of the above equality is polynomial in all variables except possibly in z 1 . We redefine f to be equal to f •ϕ. In the rest of the proof we will modify f so that it becomes a polynomial defining a hypersurface with the same embedded topological type at the origin.
Denote by
Consider Whitney stratifications A and B of C n−1 × C µ and C µ respectively, which make π a Thom stratified mapping (see [2] , Chapter 1) with the following additional properties:
(i) the set Z is a union of strata of A, (ii) the origin {O} is a stratum of B, (iii) the strata of A and B are locally closed algebraic subsets.
2.5. Let C be the curve germ given by the image of γ. Let d be the degree of the mapping
There exists an analytic parametrisation
. Let B be the stratum of B containing the generic point of C. Since B is an algebraic subset of C µ , by Artin's Approximation Theorem [1] , for any positive integer N there exists a parametrised curve (0) is biholomorphic to the germ of (C k , V (x 1 ), V (x 2 , ..., x k )) at the origin of C k , where (x 1 , ..., x k ) are the coordinates of C k (here k is the dimension of B).
In order to achieve this we use Hironaka's Theorem on resolution of singularities [3] : the composition σ 1 of a sequence of blowing ups in smooth centers located at the singular set produces an embedded desingularisation of C ∪ B ′ . Since the total transform of C ∪ B ′ is normal crossings, if the strict transform of C meets the strict transform of B ′ then one more blowing up at the meeting point pulls them appart. We redefine σ 1 to include also the last blowing up if it is needed. After doing this we desingularise the strict transform of B by σ 1 by the composition σ 2 of a sequence of blowing ups in smooth centers. The composition σ 1 •σ 2 has properties (1) and (2) . Finally, since the generic point of C belongs to the smooth locus B, the strict transform of C ′ by σ 1 •σ 2 meets the exceptional divisor E ′ of σ 1 •σ 2 at a single point. There is an embedded desingularisation σ 3 of C ′ ∪ E ′ by a sequence of blowing ups at smooth centers such that σ := σ 1 •σ 2 •σ 3 has all the required properties.
2.7. Letα denote the lifting of the parametrisation α by σ. If the number N in 2.5 is taken large enough then the generic point of the curve D is contained in the smooth locus of B and does not meet B ′ . Then we may consider the lifting β of the parametrisation β by the transformation σ. We can take N large enough so that we have the equalityβ(0) =α(0) and moreover, if (x 1 , ..., x k ) are the local coordinates ofB atα(0) given in Property (3) then the Taylor expansion of x i (α) and x i (β) coincide up to order 1. In this situation bothα andβ are parametrised curves throughB meeting transversely the exceptional divisor E: in coordinates (x 1 , ..., x k ), the Taylor development up to degree 1 of both mappings is given by α(t) = (λt, 0, ..., 0) with λ = 0, and the exceptional divisor is x 1 = 0.
Sinceα (0) does not belong toB ′ , we may choose a sufficiently small radius δ such that the restrictionα :
of the parametrisations to the closed disc D δ of radius δ satisfies that
The last property is only satisfied if the germs (C, O) and (D, O) are different. Otherwise we know that, after reparametrisation, the curve α, and hence γ, is given by an algebraic power series. If this is the case then we jump to Step 2.11.
After this choice it is easy to find a smooth homotopy 2.8. Let ǫ be a positive radius such that V (g) meets transversely the sphere of radius r centered at the origin of C n−1 for any 0 < r ≤ ǫ. Let B ǫ denote the closed ball of radius ǫ in C n−1 centered at the origin. For an small neighbourhood S of the origin in C µ the fibre G −1 (0, s) meets transversely the sphere ∂B ǫ . The restriction
of the projection (3) becomes proper. The restrictions A ′ and B ′ of the Whitney stratifications A and B to B ǫ ×S and S are still Whitney stratifications which make π| Bǫ×S a Thom stratified mapping and have have Property (i) and (ii) of 2.4.
be the pullback of mapping (7) by H. We fibre the pair ( 1] by the projection to the third factor. Denote by Z ′ u the fibre of Z ′ over u ∈ [0, 1] by this projection.
Lemma 2. There exists a family of homeomorphisms
for any u ∈ [0, 1] continuously depending on the parameter u and preserving the stratification A ′ .
Proof. We follow the ideas of the proof of Thom's First Isotopy Lemma given in [2] . 
which preserves the stratification A ′ . The required family of homeomorphisms is given by h u := h( , u).
Define the path
τ :
. Since the coordinate functions of β are algebraic power series at the origin, the same holds for the coordinate functions of τ .
Define a self-homeomorphism θ of
), where h 1 is the homeomorphism predicted in Lemma 2 for the parameter value u = 1. Since h 1 preserves the stratification A ′ , and the hypersurface
given by the pulback by τ of Z.
2.11. In the previous steps we have reduced to the case in which the path γ : (C, 0) → C µ associated to (f, z 1 ) in the base of the versal deformation of associated to g is given by algebraic power series. This means that if (γ 1 (z 1 ), ..., γ µ (z 1 )) are the coordinate power series of γ there exist polynomials in two variables P 1 (y 1 , z 1 ),...,P µ (y µ , z 1 ) such that P (γ i (z 1 ), z 1 ) vanishes identically for any 1 ≤ i ≤ µ. Consider coordinates (y 1 , ..., y µ , z 1 ) in C µ × C and let G be the curve defined by the ideal (P 1 , ..., P µ ). Consider the natural projections
2 (Z). Notice that, at the level of analytic germs, the restriction
is an isomorphism. If we could ensure that the restriction pr 3 | Z ′ is proper and that the origin O ∈ C µ × C × C n−1 is the only preimage of the origin O ∈ C × C n−1 by pr 3 | Z ′ then we would be done, because then the germ (X, 0) would coincide with the algebraic hypersurface germ (pr(Z ′ ), O).
We will modify the projection pr 3 so we get the desired properties. Observe that the embedding dimension of the germ (Z ′ , O) is n, since it is analytically isomorphic to the hypersurface germ (X, O). Therefore its Zariski tangent space T is n-dimensional. Furthermore, observe that the projection pr 3 maps the Zariski tangent space T isomorphically. By dimension reasons, a generic projection pr 4 : C µ × C × C n−1 → C n satisfies that it maps the Zariski tangent space T isomorphically and that the restriction pr 4 | Z ′ is proper and only has the origin in C µ × C × C n−1 as preimage of the origin in CC × C n−1 . Let (W, O) ⊂ C µ × C × C n−1 be a germ of smooth n-dimensional analytic space containing (Z ′ , O) and such that its tangent space at the origin is equal to T . The fact that a projection p maps the Zariski tangent space T isomorphically implies that it induces an analytic isomorphism of germs of pairs
Applying this to the projections pr 3 | W and pr 4 | W we find that the germ (C n , X, O) is analytically isomorphic to (C n , pr 4 (Z ′ ), O), which is an algebraic hypersurface germ. This concludes the proof.
